Single and multi-phase numerical simulations are carried out to investigate the heat transfer and entropy generation behaviour of transitional flow of TiO 2 H 2 O nanofluid in a circular pipe. Results reveal that the small diameter of nanoparticles has the highest heat transfer rate for χ = 6% and the TiO 2 -water nanofluid shows higher heat transfer rate using multi-phase model compared to that of the single phase model. Also no optimal Reynolds has been observed which could minimise the total entropy generation. New correlations are proposed to calculate the average Nusselt number using a nonlinear regression analysis with a standard deviation of error of less than 0.5%.
Introduction
Industries developing technology related to heat transfer are more concern on the design of new thermal systems, thus research is in progress to investigate the hydrodynamic and heat transfer behaviour of new forms of heat transfer fluid such as one called nanofluid. Choi [1] first used nanofluid and verified that the addition of nanoparticles into a base fluid helps to increase the thermal conductivity and hence enhances the heat transfer rate of nanofluid. Several experimental and numerical investigations have also been carried out by researchers to investigate the effect of nanoparticle size diameters, volume concentrations and different nanofluids on the heat transfer behaviour in a circular pipe in laminar flow regime using single and multi-phase models, as reported in [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . However, a very few experimental works of nanofluid have been found in transition flow regime [16, 17] . To the best of our knowledge, no research has been carried out to-date to understand the transitional behaviour of heat transfer and total entropy generation of the TiO 2 -water nanofluid in a circular pipe. Hence, the objective of our study is to analyse this using both single and multi-phase models.
Governing Equations
Two-dimensional axi-symmetric model of a horizontal circular pipe with a length (L) of and a circular section with diameter, , of is considered as shown in 
The equations for the kinetic energy ( ) and specific dissipation rate of kinetic energy ( ) used in the SST model are given by [19] (8)
The total entropy generation equation for a circular pipe of length L is proposed by Ratts and Raut [20] and defined as (10) At the pipe inlet, a uniform velocity and a uniform temperature , with a constant intensity based on the hydraulic diameter, have been stated. At the pipe outlet, a pressure outlet boundary condition has been specified. On the pipe wall, a no-slip boundary condition is introduced and uniform heat flux boundary condition has been implemented. Also, further details about the thermophysical properties of nanofluid, base fluid (water) and nanoparticles could be found in our recent publication, Saha and Paul [21] .
Results and Discussion
Numerical simulations are carried out with and . The governing non-linear partial differential equations for the continuity, momentum, energy and other scalars together with the suitable boundary conditions are discretised and hence solved by using the Finite volume solver Fluent . For all the simulations carried out in the present analysis, convergence criteria for the solutions are considered when the residuals become less than .
The grid sensitivity test is carried out by varying the total number of grid distributions in both the axial (Nx) and radial (Nr) directions. It is found that the grid generate most reasonable result. In order to validate the accurateness of the present numerical findings, validation has been done for the base fluid (water) against the existing experimental data values as well as correlations for different and . Figure  shows the variation of the Darcy friction factor between the present result and the correlation of Blasius [22] and other experimental results of Chandrasekar et al. [14] and Naik et al. [15] . Maximum deviation of for and minimum deviation of are observed for . Also from Fig. 2(b) , it is observed that the maximum deviation between the present average Nusselt number result and the Gnielinski equation [23] is for . Also, the maximum deviation between our average Nusselt number result and the experimental result of Naik et al. [15] is for which shows very good agreement with the experimental result. The reason behind such small variation may be due to the near wall mesh distribution and temperature gradient at the wall. At the end, it is to be assumed that the present predictions are realistic for under transition flow regime. Figure 3a shows the axial variation of local Nusselt number for TiO 2 -water nanofluid with d p and . From this figure, it is easy to locate the critical distance measured from the upstream where the transition actually begins. It is also observed that the enhancement of local Nusselt number increases in the entrance region and then rapidly decreases with the axial distance until a minimum value can be predicted from the breakdown of laminar flow. When this minimum value is achieved, Nusselt number started to rise again and then reaches a constant value as the flow tends to be fully developed. It is also found that critical distance is strongly dependent on the Reynolds number. As the Reynolds number increases, such critical distance decreases monotonically. Moreover, the critical distance moves to a distance close to the upstream of the pipe when the Reynolds number increases from and then it tends to vanish for the Reynolds number greater than . It means that there is a laminar state between the upstream and the breakdown point. This outcomes also strongly support the observations made by Abraham et al. [24] .
Local and average heat transfer analysis
Figures 3b shows the variation of average Nusselt number with the Reynolds number for different nanoparticles volume concentrations of TiO 2 -water nanofluids using both single phase model (SPM) and multi-phase model (MPM). The results indicate that the average Nusselt number monotonically increases with the increase of nanoparticle volume concentration. It is also observed that higher average Nusselt number is achieved using the multi-phase model than the single-phase model. This is due to the slip velocity which may not be zero when the interaction between the fluid and particle phase is considered. This variation becomes more significant for higher nanoparticle volume concentrations as well as small nanoparticle size diameters. This is noteworthy because of rapid movement of smaller nanoparticles within the fluid. Particularly for the single phase model, TiO 2 -water nanofluid and with the maximum percentage enhancement is approximately respectively, while for multi-phase model, it is approximately respectively. Figure 4 show the variation of the total entropy generation for TiO 2 -water nanofluids using both single phase and multi-phase model. It is seen that the total entropy generation decreases as the Reynolds number increases with the decrease of the nanoparticles size diameter. Also, insignificant effect of frictional entropy generation on total entropy generation is observed for different nanoparticles size diameter and volume concentration. Particularly for and TiO 2 -water nanofluid, total entropy generation rapidly decreases as the Reynolds number increases. This occurs due to the enhancement of average Nusselt number and increase of thermal conductivity of nanofluid. Also, the rapid reduction of total entropy generation means that effect of friction entropy generation is negligible and the effect of thermal entropy generation becomes more significant. It shows, the behaviour of thermal entropy generation is similar to total entropy generation. On the other hand, it is observed that increases in nanoparticles volume concentration make an impact on total entropy generation being reduced. Moreover, total entropy generation decreases as the nanoparticles size diameter decrease. This happens due to the significant increase of heat transfer rate as well as the increase of thermal conductivity of nanofluids too. However, no optimal Reynolds has been observed which could minimize the total entropy generation. 
Entropy generation analysis

Conclusion
In the present analysis, heat transfer and entropy generation behaviour of transition nanofluid flow inside a circular pipe is investigated using both single and multi-phase models. It is observed that addition of smaller nanoparticles in the base fluid (water) helps to enhanced heat transfer rate. Such enhancement is always found higher for multi-phase model than the single phase model. It is also found that there exists no Re such that total entropy generation can be optimized. At the end, two new correlations are proposed for the calculation of average heat transfer rate. 
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